A bounded linear operator T on Hilbert space is subspace-diskcyclic for a non trivial subspace M if there exists a vector whose disk orbit under T intersects the subspace in a relatively norm-dense set. In this study, we construct some counter examples to show that subspace-diskcyclic is not a strictly infinite dimensional phenomenon, and some subspacediskcyclic operators are not diskcyclic operators. We also proved that a spectrum of a subspace-diskcyclic operator can not be a subset of the unit ball. Further, quasinilpotent operators can not be subspace-diskcyclic. However, we report that there are compact subspacediskcyclic operators.
Introduction
A bounded linear operator T on a Banach space X is called hypercyclic if there is a vector x in X whose orbit Orb(T, x) is norm-dense in X, such a vector is called a hypercyclic vector for T , and the set of all hypercyclic vectors for T is denoted by HC(T ), for more information see [2, 8] . Hypercyclicity on Banach spaces was firstly discussed in 1969 by Rolewics [16] , who showed that whenever |λ| > 1, λB is hypercyclic where B is the unilateral backward shift on l p (1 ≤ p < ∞) or C 0 . This was the motivation for the study of scaled orbit. An operator T is said to be supercyclic if there is a vector x ∈ X such that the cone generated by Orb(T, x) is norm-dense in X, then x is called supercyclic vector for T and the set of all supercyclic vectors for T , denoted by SC(T ), see [10] . Similarly, since λB is not hypercyclic operator whenever |λ| ≤ 1, this led to consider the disk orbit notion. Diskcyclic operator on a Hilbert space has been studied by Zeana [20] and defined as follows: A bounded linear operator T on a Hilbert space H is called diskcyclic if there is a vector x in H such that the disk orbit of xis norm-dense in H such a vector is called diskcyclic vector for T and the set of all diskcyclic vectors for T is denoted by DC(T ).
Kitai [12] defined in her Ph.D dissertation conditions that ensure a linear operator to be hypercyclic. This result, is called the Hypercyclicity Criterion, and a few years later it was rediscovered by Gethner and Shapiro [7] . It was an open problem for many years whether this criterion was equivalent to hypercyclicity: De la Rosa and Read [5] showed that it is not. Moreover, Bayart and Matheron [3] showed that the equivalence fails on classical Banach spaces, and even on a Hilbert space. Zeana [20] determined in her Ph.D thesis the diskcyclic criterion in order to ensure the existence of some diskcyclic operators. Moreover, another criterion for diskcyclic operators which is called "Three open set's condition's for diskcyclicity" has been proved by Zeana and Helal, see [21] .
Bourdon and Feldman [4] proved that if an orbit is somewhere dense in X, then it must be every where dense in X. This result was the motivation for studying the subspace-hypercyclicity by Madore and Martínez-Avendaño [14] who studied a hypercyclicity on a nontrivial subspace of X, and defined it as follows: Let M be a nonzero subspace of a Hilbert space H, then T is subspace-hypercyclic for M if there exists x ∈ H such that Orb(T, x) ∩ M is dense in M , then x is a subspace-hypercyclic vector. Actually, they introduced a subspace-hypercyclicity criterion and discussed the spectrum of a subspace-hypercyclic operator on a Hilbert space H. Furthermore, they showed that subspace-hypercyclicity is a strictly infinite dimensional phenomenon and they constructed examples of a nontrivial subspace-hypercyclic operator that are not hypercyclic. Rezaei [15] answered a question raised by the authors in [14] showing that P (T ) has a relatively dense range for every real or complex polynomial P , where P is the orthogonal projection on a subspace M . Some questions posed by Rezaei [15] have been answered by Jiménez-Munguía et al. [11] . In particular, they provided an example of an operator T such that Orb(T, x) ∩ M is somewhere dense in M , but it is not everywhere dense in M . Le [13] answered negatively two questions asked by Madore and Martínez-Avendaño and showed that if an operator T satisfies a stronger condition than the hypercyclicity criterion, it is a subspace-hypercyclic for any finite co-dimensional subspace. Sorayya and Meysam [17] answered in affirmative one question asked by Madore and Martínez-Avendaño with an additional assumption, they showed that if T is an invertible operator and subspace-transitive, then T −1 is subspace-hypercyclic. Sorayya and Moosapoor [18] introduced the concept of subspace-chaotic and subspace-weakly mixing operators. Xian-Feng et al. [19] introduced a subspace-supercylicity, which is studied a supercyclicity on a nontrivial subspace of X and defined it as follow: Let M be a nonzero subspace of H, then T is subspace-supercyclic operator for M if there exists x ∈ H such that COrb(T, x) ∩ M is dense in M , such a vector x is a subspace-supercyclic vector for T . They constructed examples to show that subspace-supercyclic exists on finite dimensional Banach space, and that some subspace-supercyclic operators are not supercyclic. Also they provided a subspace-supercyclicity criterion and presented two necessary and sufficient conditions for a path of bounded linear operators to have a dense G δ set of common subspace-hypercyclic vectors and common subspace-supercyclic vectors. Now, since the diskcyclicity has been studied on a whole Hilbert space; however, it's existence has not been studied on a proper subspace of a Hilbert space. Therefore, we will introduce the subspace-diskcylicity to show that the disk orbit of a vector under a bounded linear operator can be dense set in a non-trivial subspace.
In what follows, H always denotes a separable Hilbert space over C, the field of complex numbers. Usually, H will be infinite-dimensional and we will indicate when H is finite dimensional. We always assume that a subspace M of H is topologically closed and B(H) denotes the set of all bounded linear operators on H. This paper consists of four sections. In the second section, we will give a review of diskcyclicity and define a disk transitive operator and some equivalent affirmations. Then we prove that a finite dimensional Hilbert space H supports a diskcyclic operator if and only if the dimension of H is one.
In the third section the concept of subspace-diskcyclicity is introduced, and we show by a counter example that subspace-diskcyclicity does not imply diskcyclicity. We also define a subspace-disk transitive and study some of it's characterizations. We show that a subspace-disk transitive operator is subspace-diskcyclic.
In the last section, we prove that there are no quasinilpotent subspace-diskcyclic operator. In contrast with subspace-hypercyclic, firstly, we prove that subspace-diskcyclicity exists on every finite dimensional separable Hilbert space over the scaler field C. Secondly, if an operator on a finite dimensional H is subspace-diskcyclic for some invariant subspace M , then M must be one dimensional . Finally, we show that there are compact subspace-diskcyclic operators and the spectrum of a subspace-diskcyclic operator can not be subset of the unit open ball.
Diskcyclicity
In this section we recall some notions of diskcyclicity from [1, 20, 22] and prove some results that have not been in the literature yet. These facts will help us to get more results on subspace diskcyclicity.
The disk orbit of T is the set
We call the concept that was used as a part of [1, Theorem 4.1.2] a disk transitive and defined as follow:
Definition 2.1. A bounded linear operator T : X → X is called disk transitive if for any pair U, V of nonempty open subsets of X, there are α ∈ C; 0 < |α| ≤ 1, and n ≥ 0 such that
It was shown in [20] that an operator T is disk cyclic operator if and only if it is disk transitive. Next, we prove some equivalent assertions to disk transitivity. T n (αU ) is dense in H.
3.
For any nonempty open subsets U of H, there are α ∈ C; |α| ≥ 1, such that the set T n (αU ) is dense in H and so intersects every open sets. Thus there exist α 1 ∈ C, 0 < |α 1 | ≤ 1 and n 1 ∈ N such that T n 1 (α 1 U ) ∩ V = φ and so T −n 1 1 The following proposition will be useful. Moreover, this is not the case of hypercyclicity.
Proposition 2.2. If cT is diskcyclic operator, then kT is diskcyclic operator for all c, k ∈ R + , k ≥ c.
Proof. It is enough to prove DOrb(cT, x) ⊂ DOrb(kT, x). Let z ∈ DOrb(cT, x) then there exist α 0 ∈ C, |α 0 | ≤ 1 and n ∈ N such that z = α 0 c n T n x. We may in fact choose β ∈ C such that β = α 0 c n k n , it is clear that |β| ≤ 1. It follows that, z = βk n T n x ∈ DOrb(kT, x). Now, we show that there are diskcyclic operators on the space of complex numbers.
Example 2.1. Let T ∈ B(C) defined as T (x) = 2x, then T is diskcyclic on C Proof. DOrb(T, x) = {α2 n x : n ≥ 0 and |α| ≤ 1}. Assume that x = 1, then DOrb(T, 1) = {α2 n : n ≥ 0 and |α| ≤ 1}. Let z = a + bi ∈ C where a, b ∈ R, then choose a k ∈ N in which 2 k ≥ |a| 2 + |b| 2 . It follows that z = 2 k a 2 k + b 2 k i ∈ DOrb(T, 1). Thus T is diskcyclic operator. Remark 1. Every two n-dimensional Hilbert spaces over the scaler complex field are isomorphic.
The following theorem shows the existence of diskcyclic operators on every one dimensional Hilbert space. 
Subspace-diskcyclicity
The following is our main definition. Definition 3.1. Let M be a nonzero subspace of H. We say that T is subspace-diskcyclic operator for M if there exists x ∈ H such that DOrb(T, x) ∩ M is dense in M . We call x a subspace-diskcyclic vector for T .
In general the subspace-diskcyclicity does not imply diskcyclicity as shown in the next example.
Example 3.1. Let T be a diskcyclic operator on H with diskcyclic vector x and let I be the identity operator on H. Then, the operator T ⊕ I : H ⊕ H → H ⊕ H is subspace-diskcyclic for the subspace M := H ⊕ {0} with subspace-diskcyclic vector x ⊕ 0. Clearly, T ⊕ I is not diskcyclic. Proposition 4.19] . However; this is not true in the case of subspace-diskcyclicity, as we have seen in the last example, T ⊕ I is subspace-diskcyclic for the subspace M of H ⊕ H but there is no subspace of H for which I is subspace-diskcyclic operator.
Remark 2. If {H i } is a family of Hilbert spaces and T i ∈ B(H
In some cases we can generate subspace-diskcyclic operators from diskcyclic operators.
Example 3.2. Let T be a diskcyclic operator on H with diskcyclic vector x and assume that C ∈ B(H) is nonzero and has closed range M . If A ∈ B(H) satisfies the equation AC = CT , then it is clear that A is subspace-diskcyclic for M with subspace-diskcyclic vector Cx.
Let us denote the set of all subspace-diskcyclic vectors for M by
The following Proposition is true in the classical case and the proof in our case is similar. Proof. Let {B k } be a countable base for the relative topology of M . We have x ∈ DC(T, M ) if and only if {αT n x|n ≥ 0, |α| ≤ 1} ∩ M is dense in M if and only if for each k > 0, there are α ∈ C; |α| ≤ 1, and n ∈ N such that αT n x ∈ B k if and only if
We need the following definition in order to prove our next important theorem. 
and take x 0 ∈ G. There exists r > 0 such that (x 0 +rx) ∈ G. Then we get
From the above theorem, We can easily deduce the following results. Proof. By above theorem, for each i, j, there exist n = n i,j ∈ N and α = α i,j ∈ C, |α i,j | ≥ 1 such that the set
is nonempty and open in M . Hence, the set
is non empty and open in M . Furthermore, each A i is dense in M , since it intersects each B j . By the Baire category theorem, we have
is a dense set. Clearly,
Since DC(T, M ) = i α n T −n (αB i ), then the result follows.
Corollary 3.4. If T is subspace-disk transitive operator for a subspace M , then T is subspacediskcyclic for M .
Finite dimensions
The following proposition will be useful. Proof. Let T be a subspace-diskcyclic for M with subspace-diskcyclic vector x, then DOrb(T, x)∩ M is dense in M . Choose a minimum k, k ≥ 0 in which α 0 T k ∈ DOrb(T, x) ∩ M for some α 0 ∈ C, |α 0 | ≤ 1. It follows that T k (x) ∈ M and since M is a subset of the invariant subspace N then, T n (T k x) ∈ N for all n ≥ 0. Now, by the minimality of k it is clear that DOrb(T | N , T k x) ∩ M = DOrb(T, x) ∩ M , so the proof is finished.
To prove the next theorem, the reader should be convenient with complementary subspaces of a Hilbert space. Theorem 4.2. Let M and N be complementary subspaces of H and P be the projection onto M along N . Let T ∈ B(H) and N be invariant under T . If T is subspace-diskcyclic for some
Moreover, N is an invariant subspace for T , then P T P = P T and hence that (P T ) k = P T k for all k ∈ N . As a result, we get P (DOrb(T, x)) = DOrb(P T | M , x) and so
The following proposition shows the behavior of the spectrum of diskcyclic operators. Proof. Suppose that an operator T is quasinilpotent and subspace-diskcyclic for a subspace M , then σ(T ) = {0} which contradicts Proposition 4.3.
In view of Theorem 2.3 we have the following example.
Example 4.1. There are subspace-diskcyclic operators on C n for all n ∈ N Proof. Let M = {x : x = (a, 0, 0, .., 0), x ∈ C n } be a subspace of C n . Assume that T = kx, x ∈ C n , k ∈ C, |k| > 1, then T ∈ B(C n ). An easy computation shows that T is subspace-diskcyclic operator for M with a subspace-diskcyclic vector, say (1, 0, 0, ..., 0). Now, the example extends to such spaces by Remark 1. In [14] the authors prove that no compact operator can be subspace-hypercyclic for any subspace. Proof. Let T be a subspace-diskcyclic for M with a subspace diskcyclic vector x. Since M is not trivial then dim(M ) = 0. Suppose that dim(M ) > 1. Now since every closed subspace of a Hilbert space is Hilbert space and second countability passes to subspaces, then M is separable Hilbert space. Choose a minimum k, k ≥ 0 in which α 0 T k ∈ DOrb(T, x) ∩ M for some α 0 ∈ C, |α 0 | ≤ 1, it follows that DOrb(T | M , α 0 T k x) is dense in M ; i.e., there exist a diskcyclic operator on a Hilbert space of dimension > 1. But Theorem 2.3 contradicts this, hence the proof is completed.
Thus the following diagram shows the relationship among the cyclicity operators on a Hilbert space and in a proper subspace of a Hilbert space.
Hypercyclicity ⇒ Diskcyclicity ⇒ Supercyclicity Subspace Subspace Subspace hypercyclicity ⇒ diskcyclicity ⇒ supercyclicity
